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NTRODUCTION

Fig. 1. Three-winding transformer (w1-w3) in which two-dimensional
field geometry is important.

A method for calculating eddy-current (proximity-
effect) losses in transformer and inductor windings is introduced.
The new method is capable of analyzing losses due to two- and
three-dimensional field effects in multiple windings with arbitrary
waveforms in each winding. It uses a simple set of numerical mag-
netostatic field calculations to derive a matrix describing the trans-
former or inductor. This is combined with a second matrix calcu-
lated from derivatives of winding currents to computer total ac loss.
Experiments show the method is accurate for coils that are not in
or close to self-resonance.
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I. I

Magnetic component performance is essential for
high-frequency power conversion; often the magnetic
components are the most expensive and largest parts of
a system, and can pose some of the most severe loss and
thermal problems. Circuit designs are often predicated on
minimizing requirements for magnetic components. De-
spite the importance of magnetic components, the state
of the art in magnetic component design leaves much to
be desired. In particular, standard methods of analyzing
winding loss [1-18] ([16] gives a useful review) assume
a one-dimensional field for analyzing eddy-current ef-
fects in windings. But two-dimensional effects are impor-
tant in any magnetic component that includes a discrete
air gap. In this paper, we introduce a new method that
includes the effects of two- or three-dimensional fields,
while taking into account multiple windings and non-
sinusoidal waveforms that may be different in each wind-
ing. The method applies to round-wire windings, includ-
ing litz-wire windings.

Although different descriptions can be used, most ex-
isting analytical calculations of high-frequency winding
loss are fundamentally equivalent to one of three analy-
ses. The most rigorous approach uses an exact calculation
of losses in a cylindrical conductor with a known current,
subjected to a uniform external field, combined with an
expression for the field as a function of one-dimensional
position in the winding area [6, 18]. Perhaps the most
commonly cited analysis [7] uses “equivalent” rectangu-
lar conductors to approximate round wires, and then pro-

ceeds with an exact one-dimensional solution. Finally,
one may use only the first terms of a series expansion of
these solutions, e.g. [15, 19, 20].

For designs in which one-dimensional field analysis is
accurate, and where wire strands are small compared to
a skin-depth, these various methods are approximately
equivalent [6], despite one small discrepancy explained
in [21]. Although the basic analysis is usually based on
sinusoidal waveforms, a number of authors have devel-
oped methods of extending this analysis to non-sinusoidal
waveforms through Fourier analysis or other methods
[11, 13, 19, 20, 21, 22, 23].

A major limitation of all of this work is that it does not
apply to components in which the field geometry is not
one-dimensional. This includes nearly all inductors and
gapped transformers, in which the two-dimensional field
geometry due to the gap significantly affects losses [24].
Standard one-dimensional analysis is also unable to ana-
lyze transformers with two-dimensional winding layout,
such as the one shown in Fig. 1. In [25] an analytical ap-
proach is developed for two-dimensional fields in gapped
single-winding inductors. Although this is an important
accomplishment, the results are too complex for routine
design work, they are specific to one geometry, and they
do not account for multiple windings or arbitrary wave-
forms.
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Work in computational electromagnetics has produced
general-purpose field analysis methods, and commercial
software is available for two and three-dimensional so-
lutions of arbitrary problems, including analysis of eddy
currents. However, there are two major limitations of this
approach for high-frequency magnetics in power elec-
tronics applications.

The first limitation is a scale problem. Transform-
ers and inductors often require many turns of fine
wire, or may use stranded wire such as litz wire to
reduce eddy current losses. The wire stands may be
as small as 30-50 m in diameter (44-48 AWG),
while the overall dimensions may be tens of cen-
timeters. Thus, the length scales involved can vary
over two to four orders of magnitude, and there
may be as many as 10,000 or more strands of wire.
Even when larger wire is used, the skin depth in
the wire can be small, for example 100 m at 400
kHz, which creates the same problem. This leads
to a need for a large number of elements in finite
element analysis, and thus slow simulations and
large memory requirements. To circumvent this
problem, software vendors recommend modeling
a stranded winding as a region of uniform current
density. While this is helpful for analyzing field
distributions, it provides no information on losses
in the stranded winding.

With existing field analysis, optimization must be
done by trial and error. Particularly when each iter-
ation takes hours to analyze via finite element anal-
ysis, true optimization is not practical, except in a
few academic experiments, which then provide in-
formation about only one particular design.

II. N A M

In order to circumvent both the limitations of one-
dimensional analytical methods, and the limitations of
existing numerical methods, we use a combination of nu-
merical calculation of the overall field geometry, with
analytical calculation of its interaction with the winding
strands. This avoids the scale problem, but allows ap-
plying the power of modern computers to quickly obtain
a much more accurate solution than would be available
through one-dimensional analysis. A similar approach
was reported in [26] for gapped single-winding induc-
tors with sinusoidal waveforms. The method we report
here is more powerful, in that it is capable of analyzing

multi-winding transformers with different non-sinusoidal
waveforms in each winding.

We start with the calculation of loss in a conducting
cylinder in a uniform field, perpendicular to the axis of
the cylinder, with the assumption that the field remains
constant inside the conductor, equivalent to the assump-
tion that the diameter is small compared to a skin depth.
This results in instantaneous power dissipation in a
wire of length [19]

(1)

where is the flux density, is the resistivity of the
wire, and is its diameter. The average loss depends
on the time average of the squared derivative of the field,

. We can also use the spatial average of this quan-
tity to calculate the time average of total ac loss in a wind-
ing

(2)

where is the number of turns in winding , is
the average length of a turn, indicates a spatial
average over the region of winding , and indicates
a time average. For a litz-wire winding, the same ex-
pression may be used to calculate strand-level proximity-
effect loss. In this case, must represent the product
of the number of turns and the number of strands in each
turn (i.e., is the total number of strands in the wind-
ing), and is the diameter of the individual strands. The
length of a turn may also need to be adjusted to account
for the increased distance that a strand travels on account
of twisting. This calculation neglects bundle-level ef-
fects, but this is usually valid because with proper bundle
construction, they can be made negligible [21].

In a given winding, the field, may be expressed as
the superposition of fields due to currents in each wind-
ing. We can then express the loss in winding of a two-
winding transformer as

(3)

where and is the field due to current
in winding . We can express this in terms of the currents
as

(4)

where is a constant relating current and loss, to
be calculated in the next section. The total ac loss in all

2
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Windings
Number of turns 162:162
Number of layers in each winding 2.5
Wire type 8/36 litz
Number of strands in each turn 8
Strand gauge 36 AWG

Core (used in some tests)
Geometry Round-center-post EE ETD39
Material MnZn Ferrite TDK PC40
Gap Centerpost and outer legs 1 mm

(2 mm total)

windings is the sum of such terms for each winding, and
can be expressed as

(5)

where is the sum of the matrices for each winding,

(6)

can be termed a dynamic resistance matrix, comprising
self-resistance and mutual resistance terms. It has units of

-s .
An advantage of this formulation is that the matrix

may be easily calculated from a set of magnetostatic field
calculations for the transformer geometry (see the follow-
ing section), and the matrix

(7)

may be easily calculated for the particular set of wave-
forms of interest. Then the inner product of these two
matrices yields the total ac loss. To calculate total trans-
former loss, one must combine this figure with core loss
and winding loss due to dc winding resistance ( ).

This analysis may be extended in the obvious way to
an arbitrary number of windings, and is shown above for
two windings only to simplify the presentation.

III. F C

The matrix needed for the above loss calculation can
be shown to be

(8)

where is the field everywhere due to a unit current
in winding , and is the spatial average over the
region of winding . In order to find this we may calculate
the fields due to current in each winding in turn. Then the
quantities and may be calculated
from these fields.

The field calculations may be done using any magne-
tostatic finite element analysis program, or by specialized
methods that are more efficient for a particular problem,
such as those discussed in [26]. Depending on the geom-
etry involved and the accuracy required, the calculation
may be two-dimensional (in Cartesian or cylindrical co-
ordinates) or three-dimensional. In the three-dimensional

case, the field may not always be perpendicular to the axis
of the wire, resulting in slightly lower loss in practice than
the calculations presented here would predict. Although
a correction for this could be made, in most cases this
effect is not expected to be significant.

Irrespective of the field calculation method, the ap-
proach we have described for finding the value of en-
tails calculating and storing the complete field informa-

tion and , and then finding the spatial aver-
ages of the square terms and of the cross products. An al-
ternative that requires less data storage and may be more
convenient with the user interfaces of some commercial
finite element packages is to calculate the field with cur-
rent in each winding individually, perform the necessary
averages, and then calculate the field with current in both
windings, repeat the averaging, and subtract to find the
cross terms.

IV. V

The method has been tested with the transformer de-
sign shown in Table I. The design was chosen because
of the significant two-dimensional effects produced by
the gap and the winding design shown in Fig. 2, and be-
cause of the large number of strands (over 2500 total) in
the winding window, which makes direct simulation pro-
hibitive. The transformer was tested and analyzed with
a gapped ferrite core and without a core. In the gapped
core, large gaps (1 mm gaps in the centerpost and outer
core legs) were used to minimize core loss effects. Al-
though long gaps might intuitively seem to magnify the
effect of gap fringing fields on ac resistance, longer gaps
actually slightly decrease the effect [26, 27]. Thus, in
the configuration we measured, the effect of gap fringing
field on loss is slightly milder than in a typical practical
design, but is still quite significant, as shown below.

3
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Winding , air core , gapped ferrite core
inner 762 kHz 196 kHz
outer 752 kHz 193 kHz
both–magnetizing 392 kHz 100 kHz
both—leakage 1552 kHz 841 kHz

Fig. 2. Winding configuration tested, not to scale.

Fig. 3. Real part of the impedance of various winding configurations
for the tested air-core coil, compared to the predicted ac

resistance.

Fig. 4. Real part of the impedance of various winding configurations
for the gapped-ferrite-core transformer, compared to the

predicted ac resistance.

TABLE II

W R F

Three magnetostatic simulations with a commercial fi-
nite element package [28] were used to find the field val-
ues with current in each winding individually, and with
current in both simultaneously. The windings have cylin-
drical symmetry, and so for the air-core case an axisym-
metric finite element simulation could be used to find the
matrix . For the gapped ferrite core, three-dimensional
magnetostatic simulations were used to account for the
full three-dimensional geometry. The software’s post-
processor was used to find the average values of in
each winding region, so that could be calculated as de-
scribed in Section III.

With the matrix , the loss could be predicted for any
waveforms. However, accurate measurements could be
most easily obtained for sinusoidal waveforms, using an
HP 4284A impedance analyzer. Verifying the effect of
each term in the matrix was possible by using differ-
ent combinations of current in different windings: each
driven individually, and both driven in series with the
same or opposite polarities (exciting the magnetizing or
leakage inductance, respectively).

Measurements of the real part of the impedance for
each of these four configurations for the air-core trans-
former are shown in Fig. 3, along with predicted ac re-
sistance from (5). Fig. 4 shows the corresponding data
for the gapped core. Although the trends are correctly
predicted in both cases, the results show substantial devi-
ations at high frequencies, especially for the ferrite core.
Other effects on the impedance were studied to determine
the sources of these discrepancies.

Core loss is one possible source of error for the mea-
surement with a core. Core loss was measured with the
two-winding technique on an ungapped core, at the same
flux level used in the winding measurements. This cor-
rection had a minor effect improving the results, which is
not a surprising result given the large gap length.

A more significant source of discrepancies is capaci-
tive effects. This is to be expected based on the low self-

resonant frequencies we measure (see Table II), which
correspond to self capacitance of around 200 pF. In
all cases, the discrepancies only become significant as
the self-resonant frequency is approached. (For exam-
ple, with the “leakage inductance” connection, the self-

4
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Fig. 5. Circuit representing winding impedance.

Fig. 6. Measured ac resistance of various winding configurations for
the tested air-core coil, as corrected using (9), compared to the

predicted ac resistance.

Fig. 7. Measured ac resistance of various winding configurations for
the tested gapped-ferrite-core transformer, as corrected using
(9), compared to the predicted ac resistance. Also show as
dotted lines are the ac resistance factors for the individual

windings predicted by one-dimensional analysis. Because, for
two windings in series, one-dimensional analysis predicts the

same resistance for either connection, one line (dashed)
represents the predicted resistance for both configurations.

resonant frequencies are very high, and the results match
well with no correction.) To account for those effects,
the model shown in Fig. 5 was used. Here, represents
winding capacitance and represents dielectric loss in
this capacitance. The real part of the impedance of this
network, is what is measured. However, is what
is predicted by the analysis. To resolve this, we found
values for and and then corrected the measure-
ments to obtain experimental values for that could be
compared to our predictions, using the relationship

Re (9)

where Re indicates the real part. This expression was
solved for . Values for were calculated from the
self-resonant frequency of each winding or winding com-
bination. Values for were obtained by measuring loss
with a closed core and the actual winding driven with
the same voltage as in the winding resistance test. These
measurements included both winding capacitive loss and
core loss, and so could be used for the gapped-core test
directly, without additional compensation for the core
loss. However, for the air-core case, the core loss had
to be subtracted from the new measurement to obtain a
measurement that represented just dielectric loss.

The capacitance corrections were much more signifi-
cant than the core-loss corrections. The corrected data
is shown in Figs. 6 and 7. In these plots the predictions
match very closely, given the multiple opportunities for
error introduced by the multiple steps in correction pro-
cess.

To the best of our ability to isolate ac winding loss from
other effects, our predictions match the experimental re-
sults. However, measurements on additional transformers
with lower self-capacitance, such that that corrections for
capacitive effects are not required, are planned. This will
allow greater confidence in the measurements, and allow
more precise comparisons between calculation and mea-
surement.

The comparison with predictions
from one-dimensional analysis in Fig. 7 shows dramat-

ically the improvement in accuracy afforded by the new
method.

Addressing accurate prediction of loss in windings that
are operating in or near self resonance could also be of in-
terest. In self resonance, the current is different in each
turn in the winding, and so the field geometry and prox-
imity effect losses can change significantly. Our model
(Fig. 5) does not attempt to include these effects. How-
ever, this is of less practical value, since a large self ca-
pacitance will, in most applications, lead to high circuit
losses and EMI and so should be avoided in the design
anyway.

5
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E. Computational Costs

SSUMPTIONS AND COPE OF PPLICATION

Both simulations used the same two-dimensional finite-element
simulation package (Ansoft Maxwell) with adaptive mesh refinement
and a 1% energy error criterion, running on a 300 MHz Pentium ma-
chine. The magnetostatic simulation was completed in six seconds, us-
ing less than one second of CPU time, whereas the full simulation took
over 18 minutes of CPU time. Memory requirements were 1 MB and
16 MB respectively.

ONCLUSION

The predictions were obtained with quite modest com-
putational costs. A comparison with a direct simulation
was not possible, as the computational cost would have
been prohibitive. However, we performed such a com-
parison with a simpler design. We compared the two-
dimensional magnetostatic simulation required for our
method to a full two-dimensional simulation of strand
eddy currents in a 250 kHz inductor with 110 turns of
0.4 mm diameter wire. The magnetostatic analysis re-
quired for our method took six seconds, whereas the
full eddy-current analysis took over 18 minutes. Us-
ing a device with only 110 strands, as opposed to the
2500 strands in our experimental device made this exper-
iment possible, but also minimized the difference in sim-
ulation time . The difference would be even more dra-
matic for more complex structures, for more strands, or
for three-dimensional simulations. The test was based on
the assumption of a sinusoidal current waveform. Non-
sinusoidal waveforms would require no additional mag-
netostatic simulation time for our method, but, for the full
finite-element analysis of eddy currents, would require an
additional, similar simulation for each harmonic.

V. A S A

The method presented here allows analysis of a wider
range of winding types than do previous methods; it
allows both arbitrary waveforms and two- or three-
dimensional field geometries. However, there are a num-
ber of assumptions that have been made in the analysis.
Most of these were noted in the derivation; we repeat
them here for clarification of how they limit the scope
of the method.

The analysis is based on round wires. Other shapes
could be analyzed by similar methods, as long as all the
dimensions were small compared to the winding window.
However, the loss will then depend on the the orientation
of the field, somewhat complicating calculations. In the
case of litz wire, we have assumed that bundle-level ef-
fects are negligible, a valid assumption for well-designed
litz constructions [21]. We have also assumed that the
wire (or strand, in the case of litz wire) is small com-
pared to a skin depth. If it is not, a similar approach
could be used, combining magnetostatic field calcula-
tions with slightly more complicated analysis of the loss
in the winding, such as that in [6, 18]. For such situa-

tions, it may also be necessary to modify the magneto-
static analysis to account for the effect the winding has
on the field distribution.

If two-dimensional field calculations are used, this en-
tails a degree of approximation that depends on the im-
portance of three-dimensional effects in the particular ge-
ometry under study. However, three-dimensional calcula-
tions may also be used. This still entails a minor approx-
imation: The loss induced by a field parallel to the axis
of the wire is less than the loss we calculate assuming a
perpendicular field. In most geometries of interest, the
parallel component of the field is small. If it were signifi-
cant, this would lead to a slightly conservative prediction
of loss.

As discussed above in Section IV, capacitive effects
can change the current distribution in the winding, mak-
ing the field calculation invalid. Thus, the method is not
directly applicable for windings in or near self-resonance.

Finally, we also note that the use of a magnetostatic
field calculation is implicitly based on the assumption
that hysteresis in the core does not significantly affect
the field in the window area. Such an effect would only
happen with extremely high hysteresis loss, and so is not
likely to be a problem in any power applications. (The
hysteresis loss would need to be high compared to the VA
handled by the inductor or transformer, not just compared
to other losses.)

In summary, most of the assumptions discussed above
are nearly always valid, except for one: that the winding
is constructed with round wire that is small compared to
a skin depth.

VI. C

The method described above allows calculating losses
in multi-winding transformers with two- and three-
dimensional field effects and arbitrary waveforms in each
winding. It uses a simple set of magnetostatic field cal-
culations to derive a matrix describing the transformer.
This is combined with a second matrix calculated from
derivatives of winding currents to calculate total ac loss.
Experiments show the method is accurate for coils that
are not in or close to self-resonance.

The method makes it possible to calculate loss us-
ing only computationally inexpensive magnetostatic field
calculations for situations that previously would have re-
quired numerical eddy-current simulations that are com-
putationally prohibitive. The increase in speed not only
can make it easier to predict loss for a given design, but
also can make numerical optimization practical. In addi-
tion, the way many parameters affect loss is made ex-
plicit. These explicit relationships are expected to be
useful in analytical optimizations of some aspects of the
winding and component design.
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